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Abstract. Various analytic results which combine fermionic Brownian motion with
stochastic integration are described, and it is shown that a wide class of stochastic
diffferential equations in superspace have solutions. Such solutions are then used to
derive a Feynman-Kac formula for a supersymmetric system in terms of the super-
charge whose square is the Hamiltonian of the system. This is achieved by introducing
superpaths parametrized by a commuting and an anticommuting time variable.

1. Introduction

Superspaces are spaces parametrized by commuting and anticommuting variables.
By considering paths in superspace, the standard Feynman method for path integral
quantization may be extended to systems with fermionic degrees of freedom. The
purpose of this paper is to investigate the stochastic calculus of these generalized
Brownian paths, and hence to extend the range of Hamiltonians which can be studied
by these methods. Additionally, where the theories are supersymmetric, the path
integrals will be presented in a manifestly supersymmetric formalism.

Classical stochastic calculus is based on a definition of integration along Brownian
paths b,. The integrals obtained have many applications, leading to the theory of
stochastic differential equations and an analytic treatment of white noise, as well as
giving new insights into various second-order differential operators, and into Hamilto-
nian systems in quanturn mechanics. They also allow the extension of path integration
techniques from Euclidean space to more general Riemannian manifolds.

Recently, following the ideas of Martin [1], this author has considered a fermionic
analogue of Brownian paths involving paths in anticommiuting space {2, 3], and also a
theory of superpath integration [4]. (Superpaths b, + r€, are paths parametrized both
by ordinary time t and by anticommuting time 7; the theory of superpath integration is
appropriate for considering supersymmetric systems, where the Hamiltonian operator
H is the square of a supercharge operator ). Superpaths are also considered by Haba
[6] and by Friedan and Windey [6].)

There are two essential steps in the fermionic path integration introduced in [2]; the
first is to observe that the canonical anticommutation relations satisfied by fermionic
operators in quantum mechanics can be represented by differential operators on spaces
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of functions of anticommuting variables. This representation is the analogue of the
Schrodinger representation of the canonical commutation relations for hosonic guan-
tum mechanics. The second step is to construct a measure (in a generalized sense)
on the space of paths in anticommuting space which leads to a Feynman-Kac formula
for a useful class of Hamiltonians. A detailed description of these ideas may be found
in [7]. In this paper the standard theory of stochastic calculus is extended to include
fermionic paths and superpaths, and consequently to extend the class of fermionic and
supersymmetric quantum-mechanical systems which can be studied using these path
integrals.

Despite its many uses, stochastic calculus is often unfamiliar to theoretical physi-
cists. This is possibly because much of the literature is only accessible to those who
are well-versed in mathematical probability theory (although there are notable excep-
tions, such as the books by Simon [8], Arnold [9] and @ksendal [10]). This paper does
not assume any prior knowledge of stochastic calculus.

In their simplest form, path integral methods can be applied to Hamiltonians on
R™ of the form

m
H=-4) 80+V(z) (1.1)
i=1 .
leading to the Feynman-Kac formula

exp(—Ht)f(z) = /d,u exp (— f; V(= + b,)ds) Flz +b,). (1.2)

Here the measure du is Wiener measure, often written in the physics literature as

13
Dz exp (-—/ 132 dt). (1.3)
0

Stochastic calculus allows one to construct a Feynman—Kac formula for 2 Hamiltonian
which is an arbitrary second-order elliptic differential operater. In fact there are two
methods by which stochastic calculus can extend the range of possible Hamiltonians.
First, by including a term of the form exp(— fo Za ; fa(s) dby) in the integrand,
a Feynman-Kac formula for Hamiltonians containing first-order derivatives may be
obtained. Second, if the simple Brownian paths b, are replaced by paths z, which
satisfy the stochastic differential equation

dz? = fi(t)dt + icfa(t)dbf (1.4)

a=1

then a Feynman-Kac formula may be obtained for Hamiltontans which are arbitrary
second-order elliptic operators, the second-order part heing

1 " 8
T2 Z 322?322 (1.5)

a,j. k=1

The main result of this paper is a supersymmetric Feynman-~Kac formula for
Hamiltonians H which are the square of a supercharge @, @ being a Dirac-like oper-
ator. The key idea is the use of superpaths, which allow one to work in terms of the
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supercharge directly, rather than in terms of the Hamiltonian. As in the classical case
this Feynman—Kac formula is achieved by applying the Itd formula to carefully chosen
functions of solutions to certain stochastic differential equations. Before establishing
the main theorem, a number of technical steps must be taken.

Section 2 of this paper contains a brief review of fermionic Brownian motion
and path integration, while section 3 considers stochastic integrals in the presence
of fermionic paths; this section contains a proof of a formula for change of variable of
integration which generalizes the usual It5 formula. Section 4 describes some results
in calculus on a (1, 1)-dimensional superspace, culminating in two supersymmetric It6
formulae for superpaths, while section 5 contains a crucial theorem on the existence
of unique solutions to a useful class of stochastic differential equations in superspace.
Finally, in section 6, the supersymmetric Feynman—Kac formula is established.

Because the canonical anticommutation relations are also the defining relations of
a Clifford algebra, the methods developed in this paper are also applicable to various
geometrical operators on spin bundles and bundles of differential forms on manifolds.
These applications are the subject of a companion paper [11], where it is shown that the
results of this paper lead to a natural theory of path integration on supermanifolds
and spin bundles. This allows a rigorous derivation of the path integration results
needed in the supersymmetric proofs of the index theorem given by Alvarez-Gaumé
[12] and by Friedan and Windey [6].

The work described in this paper is less formal than the generalizations of Brow-
nian motion considered in the various non-commuting probability theories [13]. The
constructions are deliberately designed to provide a rigorous version of the power-
ful but non-rigorous fermionic path integrals used in fermionic and supersymmetric
quantum mechanics. (Good accounts of these methods may be found in many places,
for instance in [14] or [15].) Most closely related to this paper is the work of Haba
(5], who develops a particular example of non-commutative probability which is for-
mally equivalent to the superpaths of this paper in Euclidean space. A quite distinct
approach to fermionic path integration is described by Gaveau and Schulman [16].

2. Grassmann preliminaries

This section introduces notation, and summarizes the important aspects of thé ap-
proach to integration in infinite dimensional spaces of anticommuting variables intro-
duced in [2]. In particular, fermionic Brownian motion is defined. Throughout 'this
paper lower case roman letters will be used for quantities with even Grassmann par-
ity, lower case greek letters for odd quantities, while roman capitals will be used for
quantities which may have either parity.

For each positive integer L, B; will denote the real Grassmann algebra on RL.

Thus B, is the algebra over the reals with generators 1,8,,..., 5., and relations
ﬁiﬁj:—ﬁjﬁi i,j=1,...,L
B;1 =18, i=1=4,...,L. (2.1)

The Grassmann algebra B; has a Z, grading B, = B; ,+ B, ; where elements of ;
(respectively By ;) are the sum of terms containing the product of an even (respectively
odd) number of the anticommuting generators 3,,..., ;. Elements of By , are said to
be even while elements of B L1 are said to be odd. Any two odd elements anticommute,
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while even elements commute both with one another and with odd elements. There
is a canonical algebra homomorphism € of By onto R which maps the unit element 1
to the real number | and maps the anticommuting generators 3, ..., to zero. If
m and n are positive integers R7"" will denote R™ x (B, ,)".

If J is any set, IR%m’")[J] will denote [1;¢; ;RT"™ where ;R™" = R™ x (B )"

with ;B being the Grassmann algebra with L anticommuting generators ; 3, , ..

. ’J"BL
in addition to the commuting generator 1. The reason that Rf,j"'")[” will be used
rather than the simpler (RT"")” is that many of the useful functions which one might
wish to construct on the latter space will be zero for the quite trivial reason that
repeated factors of Grassmann generators are zero. It is thus necessary to use different
anticommuting generators for each j € J. All the odd generators of this plethora of
Grassmann algebras are defined to be mutually anticommuting, so that an odd elemnent
from one algebra will anticomrmute with an odd element from any other.

A typical element of R7"™ will be denoted (z!,...,z™ 6%,...,0"). For reasons

which will become clear later, usually we will consider R(,j“"‘“)["], and a typical el-

ement of RS{"’Z"][J] (where J is a finite set containing N elements) will be denoted
(21, N -;LE_Ny_B.lg---,QN;_ely-“yl_’N) or (ml’l,__.,z:N'm,Bl'l, .”,HN,nJ }31’1, “_,pN,n)‘
Given any class of functions on R™, such as C®(R™,R) or L*(R™,C), one may
readily construct an analogous class of functions on R7"" in a standard manner. The
corresponding classes of functions on R7"™ are denoted C*/(RT"",R), L¥(RT"",C)

and so on. For instance, if E is a Banach space, C°/(R7"", E) is the class of functions
FiRP™ — By @E
such that

flz', a0t et = Y [ e )ee L g (2.2)
HEM,

for some f, € C*°(R™,E). (Here p = gty ... 5 is a multi-index with 1 < ¢, < ... <
H, < nand M, is the set of all such multi-indices, including the empty one.) Where
only sequences g of even length contribute, f is said to be even. A function on R}""
of this general form is said to be bounded if each of the coefficient functions f, are
bounded. Differentiation of a function of R7"" with respect to the ith even argument
will be denoted g; and differentiation with respect to the jth odd element g, . or ;.

The domain of spaces CP/(R™” E) (where p > 5) can be extended to include
even elements of any Grassmann algebra B,, (where M is a positive integer) by using
Taylor expansions truncated to the first three terms. That is, if € denotes the canonical
mapping of B,, onto R and of BY; onto B™, then the extension of a function f €

CP'(R™™, E) with

ISR N N S XD DI A C IR L0V I (2.3)
HEM,
for some f, € C°(R™, E) is the function
FiBpyo)" xBy " =B, @By o BF
with

flzl, .., 2™00, .0 = Z f'u(zl, R L T LI L
HEM,
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where

fu®) = f(r))+2w — €(2'))8,f,((2))

i=1

m

+3 336 (@)~ (27)8:8; f ,(e(=)). (2.4)

i=1j=1

Differentiability up to at least the fifth order is required so that these extended func-
tions obey a Taylor theorem with a third-order remainder term. Further details of the
analysis of functions of Grassmann variables may be found in [17].

Integration of functions of r anticommuting variables #1,...,0" is carried out ac-
cording to the method of Berezin [18] where
[eoso)=1,., (25)

if f(6)= f, ,8...6"+ terms of lower order in 8.
Combining this with Lebesgue-Stieltjes integration over the real variables enables

one to integrate functions on ]REL""")[J} when J is finite. An extension to integra-

tion when J is infinite has been defined in [2], using an analogue of the Kolmogorov
construction [8]. In particular, if I is the interval [0,t], n-dimensional Grassmann

Wiener measure is defined on R‘([‘D’Qn)[n by finite-dimensional distributions in the
following way: suppose that J is a finite subset of [ with J = {¢;,...,%5} where
0 <ty <... <ty <t. Then the corresponding finite distribution is

f} . ]RELOJH)[J} — I[‘BL ® hIBL ®..® tN]BL
@',....8%.p"....p") —exp[-i(p! 8" +p7 (87— 8"} + ..
+ V-8V — oV hy)). (2.6)

Here n is assumed to be an even number and p” - 8" = 37, 6" p"*. Expectations are

calculated using Berezin integration. As always with Berezin mtegratlon there is no

concept, of a measurable set, only a formal action on functions. The space IRELU 2]
equipped with this Grassmann measure will be called Grassmann Wiener space.

The fact that B>* WV is not simply a product of copies of R makes a some-
what complicated definition of Grassmann random variables necessary [2].

Definition 2.1. Foreach M =1,2,..., let Jp be a finite subset of I, with Jp, C Jpr
for each M. Also suppose that GM € LZ'(IR?.(U 2] ,C), and let

I4(G) = f Qg dnedp £ (01, M, ol L plIM))

1 B ar 1 (T ar
XGM(.H.)!Q( )123'32( )) (27)
han tha anllastisn {7 AL =19 Vg eaid ta dafinas a nmonmnnn vy o
A LIViL wuTG Laulll.\-hlull \UM’\)M a ATL — Ay &y Ai 12 O0iW VWU o uuvniniv o WSraeaarniiwreie g nuavie

variable on Grassmann Wiener space if the sequence (I;(G)) tends to a limit as
M tends to infinity. This limit is denoted [du, G or Ep(G). (A sequence of pairs
(Jpg:Gag - M = 1,2,...) which does not necessarily satisfy the convergence condition
is called a generalized Grassmann random variable.)
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Suppose that J = {t,,..., ¢y ] is a finite subset of . Then any function f €

L {IR?‘Q”)”]) defines a2 Gragsmann randomn variable with the sequence of pairs of sets
and functions (Jfy,, Gy, ) being the constant sequence (7, f1. Such Grassmann random
variables are said to be finitely defined. For each sin J there are n finitely defined
Grassmann random variables 8, i = 1,..., n, corresponding to J = {s} and

A C A L SRR R et L8 PN = {2.8)

The {0, 2n)-dimensional process (§},...607, 01, ... p") is called fermionic Brownian mo-
tion.

The particular choice of distribution (2.2) is chosen because it relates directly to
the action of differential operators on Ll’(mf’“)). The connection is made by first
observing that, if f € L“(RE}'“)),

1= [asT]o- o0 (2.9)
il

{where ¢',...,4" are anticommuting variahles) and secondly that the delta function
T1.,{8 — ¢) is the Fourier transform of 1, that is

JHe~-¢)= ] d”pexp (“i S pE - ¢‘)) {2.10)
=l

¥zrd

(where p*,..., p" are also anticommuting variables). Thus
h - -
OE ] d"p d"8 exp (—i NG 4&')) O @1)
iml
and so

¢ 1{8) = f " pd" 86" exp (—'x PG ¢"3) £(8)

i=]

and
8, f(¢) = fd"pd“s(—i)p* exp (42,&(9‘ ~ ¢*’)) 7(6) (2.12)
=i

recalling that §;, denotes differentiation with respect to the ith anticommuting vari-
able. Comparison with {2.3), together with the translational invariance of Berezin
integration, then shows that, for s in f,

£(#) = [ du, f6, +6)  E1(0) = ] dpy (B + $)f(6, +4) (213)

5,£(6) = j du, (~i)pL£(8, + 8).
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The canonical anticommutation relations of n fermionic operators ¥*,i=1,...,n
are

Pl + iyt = 26% (2.14)

These relations can be represented on the space L“(IRS,?’")) of functions of n anti-
commuting variables §1,...8™ by the operators ¢ = #* + 8/8¢'. Comparison with
(2.13) shows that

1@ = [du €50, +9) 2.15)
where
& =6 —ip. (2.16}

For useful applications it is necessary to combine fermionic path integrals with or-
dinary bosonic path integrals using Wiener measure and Brownian motion. To do this
one must take the approach (considered by Bochner [19]) where a probability mea-
sure is recovered (via the Kolmaogorov extension thearem) from its finite-dimensional
distributions. Thus one can obtain super Wiener measure by defining a measure (in

a generalized sense) on the {m, n)-dimensional super Wiener space Rgm,zn)[f} of paths

in superspace by defining finite distributions on ]R(Lm'zn)["] {where J is a finite subset
of I containing N elements) to be

n 1

Felzh,...,27.8,....87 .0, ...,0" )

= fi(a' ...z, .. 8V 0l ) (2.17)
where

Fizh, . 2N) = Pa(0,2") ... Pov_yna (21, 2N
with

. mf2 _ — )2
Pz, y) = (27) exp (—L%Qt—g)) (2.18)

and

GSJ(QI, ---sQN,Bl’ . "EN)
—expli(e 8 47 (0 -8 b+ @ - (219)

This measure is called super Wiener measure, and is denoted dy,. Clearly dy, is
simply the product of standard Wiener measure dy, with the fermionic Wiener mea-
sure dy, defined above. A random variable is again a sequence of pairs of functions
and sets (G, Jy), in this case such that [ dy, G converges in L? to an L? random
variable on bosonic Wiener space.
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Grassmann algebra elements are not used to model real situations directly; their
use is motivated by the algebraic properties of the function spaces of these variables.
Applications usunally give real or complex results by the use of Berezin integration. In
the case of fermionic paths, applications always involve calculating the expectations
of random variables, and thus it is sufficient to consider random variables to be equal
if they have equal expectations, and such equality between random variables will be
indicated by =;. In the next section a particular class of random variables on super
Wiener space, known as stochastic integrals, will be defined.

One also needs the concept of an adapted stochastic process on super Wiener
space. The usual definition of adapted cannot be generalized in a straightforward way
because here one is not working directly with o algebras of measurabie sets.

Definition £2.2. (a) Let ¢ be a positive number and let {F, : 0 < s < t} be a
collection of random variables on ]R(m 20t Then F, is said to be a stochastic
process on this space. (b) Suppose that for each s € I = [0,¢] the random variable F
corresponds to the sequence of pairs (J, »r, Fy pr © M = 1,2,...). Then the stochastic
process F is said to be adapted if for all positive integers M and each s € [

J,om C [0, s]. (2.20)
Berezin integration does not define a true measure, and thus one may not be able
to prove results on Grassmann Wiener space using standard analytic techniques. Some

useful tools for handling analytic questions are the norms which will now be defined,
together with a lemma relating fermionic Wiener integrals to purely bosonic integrals.

Definition 2.3. Let J be a finite subset of I containing N elements, and let f €
LQ'(IRJ(Lm'n)[J],C) with

F{E T S O Y NN A N DD D 1 E-SPRT-4p i

HEM.n vEMaN

(a) The function |f]; € L*(R™V ,R) is defined by

.M = Y Y InE ). (2.21)

HEM N vEMaN

(b) The function |f|, € L}(R™¥ R) is defined by

(o', ™= X > e 2P (2.22)

BEM N vEMan

Lemma 2.4. Suppose that G is a random variable on super Wiener space, defined
finitely on J ¢ I. Then

JE, (G < E4(iG1;) (2.23)

where E, denotes expectations with respect to bosonic Wiener measure.
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Proof. Suppose that the set J contains N elements and that

G(gls-"?ﬁNhﬂ.la"'y.a.NyEls---sgN): Z Z G:(Eln---sﬁN)gqu (224)
uEM N vEM N

Then
B Y T | [artart et @ .2
HEMu ny vEM N
x ¢;(8, ..., 0%, o' . pM)Gu .., 2N )%,
< >N fdrme,(gl, 26 ...,_x_N)‘ (2.25)
HEM nvEM N
because, if a;, i = 1,..., N, are even Grassmann elements whose squares are zero,

the Taylor expansion of exp(z;tl «;) contains each non-zero term with coefficient
exactly 1. Thus

E@Is ¥ [ ¥ fEh 26 2N =E (G (220

HEM N VEM, N

3. Bosonic and fermicnic stochastic integration

A key theorem in stochastic calculus is the general Ito theorem, which gives the chain
rule for stochastic differentiation. This differs from the equivalent result for a smooth
deterministic path by including a second-order term, the It correction. The purpose
of this section is to extend this result to include Grassmann Brownian motion. The
inclusion of the fermionic sector does not involve any additional stochastic correction
term in the Ité formula because Grassmann Brownian motion is based on a zero free
Hamiltonian {2].

The Ité formula for m-dimensional Brownian motion, which generalizes the fun-
damental theorem of calculus, states that

g m 1 t m
Flbyy8) — F(bo,0) = fo 8,(b,,5) A\ + ]0 8,£(b,,s)ds + } [0 S 9,0,f(b,) ds
i=1 i=1

(3.1)
where f is a suitably well-behaved function of R™ x R*. This result is a special case

of the general Itd formula. In the case of purely fermionic Brownian motion one has
the simple result that

00 1) — F(8,0) =, fo 3,70, 5)ds (3.2)
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where the notation =; means that one has two random variables on IR(LO’%)[(O‘”] with
equal expectations. (A definition of the expression on the right-hand side of equa-
tion (3.2) is given below.) This suggests that one should simply consider [ f(4,,s) d8,
to be zero, and thus that generalizations of the classical 1t6 formula to include fermionic
paths will not involve integrals along fermionic paths, as indeed will be the case. A
simple definition of time integral will now be given, while theorem 3.3 establishes the
existence of the It6 integral of a large class of adapted processes on super Wiener space.
The key theorem 3.5 provides the corresponding generalization of the Itd theorem.

The absence of the df and dp terms may be made clearer by the following obser-
vations. First, because fermion paths are defined in phase space, with the analogue of
both ps and gs present as fs and ps, p is in a sense equal to df—indeed the formalism
might be developed along these lines. However, if one is applying these methods to
diffusion theory, such an approach is superfluous because one can already handle all
combinations of the derivative operators /08, directly (in contrast to the bosonic case
where first- and second-order differential operators other than the flat Laplacian can
only be handled using stochastic calculus, and where aperators of degree higher than
two cannot be handled at all). Before turning to the Ité integral, a simple integral
with respect to time is needed.

Definition 8.1. Let F, be a [0,{]-adapted process on the super Wiener space
]Rgm,zn)[{o,t]]_ Suppose that, for each s in I, F, corresponds (as in definition 2.2)
to the sequence of pairs of subsets and functions (.I_,’M, Foy:M=12.. .). For each
integer M =1,2,... let
2M_3
Iy = U Y (3.3)
r=1

where, forr=1,...,2M — 1, i, = rt/?M. Also define functions K, on IRELm’zn)[JM] by

Mo ¢
KEy=|> Py |- (3.4)
r=1

Then, if E,(Ky,) tends to a limit as M tends to infinity, the sequence (Jys, Kpy)
defines a Grassmann random variable which is denoted f; F, ds, and one says that F,
has a time integral. Also, if 0 < u < ¢ and M is a positive integer, let p(M,u} be the

greatest integer such that p(M, u)t/2M™ < u, and set

p(Mu) y
L= Y Fomgm (3.5)
r=1

Then, if E,(LY) tends to alimit as M tends to infinity, the sequence of pairs {Js, LY, :
M =1,2,...) defines a Grassmann random variable which is denoted fou F, ds. (This
definition may also be applied to generalized random variables.)

Definition 3.2. (a) MJ'[0,1] denates the set of all [0, t}-adapted processes F, on the su-
per Wiener space Rim’%)[m"}] such that (i) fot [F,|, ds exists and is finite, (ii) E, (|F,};)
is bounded on [0,]. {b) MZ'[0,t] denotes the set of all [0,¢}-adapted processes F, on
the super Wiener space IRS"'Z")[[O”]] such that (i) f; |F,|2 ds exists and is finite, (ii)
E, (|F,|2) is bounded on [0,¢].



Stochastic calculus in superspace I 457
Note that in this definition, if F, is defined by the sequence (J, pr,F, p :
M=12.) (following definitions 2.1 and 2.2), |F,|, is defined by the sequence
(J, a0 I, M|1 =1,2,...}. |F,|; may be a generalized random variable on Wiener
space. A similar approach is taken to |F,|,. Also, following definition 3.1, the time
integrals are Riemann integrals.
Theorem 3.3. (a) For @ = 1,...,m suppose that F'® € MZ'[0,t]. For each M =
2,... let Jpr = {ty,- . tow_q) with ¢, = rt/2M for r = 1,...,2M — 1. Also let
Gy € L¥ (R €) with

1 2M_1 a1 aM_1 2M_1
GM(&»"-)& yﬂ)"'sﬁ JEJ"'!B )

- z Z J’Iffa(I g’",ﬂl,.. ',ergl,_._,ﬂr)(zr-l-l,a _ zr,a)_ (36)
=1 r=1

Then the sequence (J,,, G,,) defines a Grassmann random variable which is denoted

t m
/ S Frase.
0 o=1

Also |f; S F2db?|? is a random variable and

t ™M t m
(1] §mos) ([ Sy .

(Integrals over the interval (0,u), where 0 < u < t, are defined by a similar
modification to that made in definition 3.1.}

Proof. [dp (G pr) converges to a random variable on m-dimensional Wiener space,
and thus (J,,,G,,) defines a super random variable. Using the fact that, if ¢ < r,

Ft,,M pu(gli e sgr)th,M,uy(gl Yo ,Qq)($q+1 - xq)
is independent of (z™*! — z"), and the standard result that
By((by = b,)(b, — B,)) = |s — ¢ (3.8)

one obtains

M
E, (IGul3) = (Z |Fe a3 (trgr = )) (3.9)

which tends to the correct limit as M tends to infinity since F is in M3'[0,¢].

More generally it is useful to combine both kinds of integration, obtaining the
following definition of a stochastic integral.
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Definition 3.4. Suppose that ¢ is a positive real number and that Z, is a stochastic
process on the super Wiener space IRS{"’%)[[U"]] such that, if 0 < ¢, <, < ¢,

iz
Z, -2, = 3 A ds+-[ ZC"db" (3.10)

1L g=1

where A, and C¢ are [0,¢}-adapted processes on the super Wiener space, with A, &€
ME'[0,¢] and C? € MZ'[0,t]. Then Z, is said to be a stochastic inlegral.

The key theorem, underpinning much of this paper, is the following generalized
1t6 theorem.

Theorem 3.5. Suppose that ZJ (j = 1,...,p+q) are stochastic integrals on the super
Wiener space H&Em'zn)[(o")] with

. i . t m .
zng:/ A-‘;dt+f > Cdbe(s) (3.11)
0 0 a=1

and that Z/ isevenfor j=1,...,pand odd for j = p+1,...,p+¢. Also suppose
that E(A{)? is bounded for each s in [0,¢]. Then, if H € C¥(R®9,C) and ZI
denotes the Mth term of the sequence defining the random variable Z¢ (following

definitions 3.1 and 3.2), the sequence H(Z, ,/) defines a stochastic process denoted
H,, and H, is also a stochastic integral with

tPEg m
H,—Hoz,f Y D 8,H(Z,)CH dbe

j=1 a=1
ptq m p+q ptyg
/ ZAJBH(Z)+ZZZZC"’°C‘”66H(Z) ds.  (3.12)
G a=1j=1 k=1

{(Here the function H is extended to even Grassmann variables using the truncated
Taylor series of equation {2.4).)

Proof. Clearly

2Ma
H(Z, ) = H(Zg pp) + Z (H(Zt,+.,M) - H(Zt,,M)) . (3.13)
r=1
Now
r+q ]
H(Z:,+,,M) - H(Zz,,M) = ZAFM(ZJ )Bjﬁ(zz,,M)
Jj=1
r+¢ Pty _
+1 A™M(ZNAM(Z¥)0,0,H(Z,, ) + R, (3.14)
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where
AMI(ZYy=2] -7y (3.15)

and R, is a remainder term to be analysed. By standard arguments ({10}, p 31) it is
sufficient to consider the case where H and its derivatives up to fifth order are bounded
functions. Also, since H is extended from RP? to BY Lo X IBL 1 by the truncated Taylor
series (Z z) H obeys a truncated Taylor’s theorem with remainder at the third order.
Thus one finds as in the classical case [10] that |R,| < k/22¥ for some k independent
of M, and hence, using lemma 2.4,

(’fAfM(zf)a,-H(z,,,MJ

i=1

aM_q
E (H(Zi,M) - H(ZO,M)) = }E( Z

r=1

p+q pt+g )
+1Y° ZA'M(ZJ)A"M(Z“)@jé‘kH(Z,hM))) + Ry

i=1 k=1

where |R),| < K/2™ for some K independent of M. The result then follows on taking
AL bonda nfinit
LU

T +
uuuba as /v Lenas v

C)

]lllllllb)’

4. Supersymmetric Ité formulae

In this section the results of the previous section are used to derive some supersym-
metric [td formulae for random variables on (m, m)-dimensional super Wiener space.
These formulae are stochastic versions of a theory of calculus on a (1,1)-dimensional
superspace (parametrized by a real variable t and an odd Grassmann variable 7}, which
will now be described. First, the superderivative Dy is defined to be the operator

A (4.1)
% (4.1)

This operator may act on a function of the form F(¢, 7} = A(f) 4+ rB(t) where A(%)
has a time derivative. (As the notation implies, A and B may have either Grassmann
parity.) One then has

I
isp AL,

T

A fA Y
I (1.2}

S

If B(t) is also differentiable, an easy calculation then shows that D2 = 8/8t, and so
in systems where the Hamiltoman H is the square of a supercharge @ which is an odd
operator the imaginary-time Schrodinger equation

3f

= =—Hf (4.3)

has a square root [20]

Drf=@Qf. (4.4)
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(This equation implies the previous one, since @ is an odd operator and thus anticom-
mutes with Dp.) Noting that

exp(—Ht — Q7) = exp(—Ht)(1 - Qr) (4.9)
one may check by direct calculation that, provided H is suitably regular,
Dy {exp(—Ht — Q7)) = Qexp(-Ht — Q7). (4.6)

Thus exp(—Ht — Q) is the evolution operator for the square root of the Schrodinger
equation. Also, since Q7 = —1Q

Qexp(-Ht — Q) = (exp(—Ht — Q1)) (Q ~ 27 H)
and thus

Dy (exp(—Ht — Q7)) = (exp(~Ht - Q7)) (Q — 27H) (4.7)
a result that will be useful in section 6.

Turning now to integration, one may define an integral with respect to a (1,1)-
dimensional variable S = (s, ), including both odd and even limits, in the following

way [4]:
Ardaﬁtds F(8,0) =g fda/OHMds F(s,a). (4.8)

The even integral on the right-hand side of this equation is evaluated by regarding
f; ds F(s, o) as a function of u, and evaluating this function when u = ¢+ o7 by Taylor
expansion about { = u. Integration with respect to the odd variable o is then carried
out according to the usual Berezin prescription. Explicitly if F(t,7) = A(t) + rB(f)
one has

./;T do ./ot ds F(s,0) = TA(t) + fot B(s)ds. (4.9)

This definition of integration leads to a supersymmetric version of the fundamental
theorem of calculus in the form

/Tdafds D¢ F(s,0) = F(t,7) - F(0,0) (4.10)
0 0

and hence a natural rule for the superderivative of such an integral with respect to its
upper limits is obtained as

DT'/OTda‘/Otds Gis,o) = G(t, ). (4.11)

Reverting to stochastic calculus, one may now derive a supersymmetric version of both
the restricted and the general Ité formulae. These are presented in turn as theorems
4.2 and 4.3. To begin with, a time integral for superpaths must be defined.
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Definition {.1. Suppose that G, and H, are adapted stochastic processes on super
Wiener space, and that H, € M}'[0,{]. Then, if Fg =G, + ¢H,,

T t 1
j da/ ds Fg =4 / dsH, +1G,. (4.12)
0 0 0

(Throughout the remainder of this paper the summation convention, that repeated
indices are to be summed over their range, will be adopted.) The following thecrem
gives a supersymmetric version of the Ité theorem. The superpaths Z; and (g defined
below are the stochastic version of the standard superfields used in supersymmetric
quantum mechanics.

Theorem 4.2. Fori=1,...,pand a=1,...,m,let 2% and f{,)a be adapted stochastic
processes on (m, m)-dimensional super Wiener space, and ¢ be a function in C*'(R?"™)

which is linear in the odd argument, and let (z,8) € IR%’""). Also, for any ¢ € C¥(R)
let

T t .
00r(e0) =g s ([ 00 [ d3¢(w+25+ﬁ0m,9+%)) (4.13)

where, recalling from equation (2.16) that £ = 87 —ip?,

2= \/205 Sflya SR+ 2ok, al =00 f (4.14)

(Here the notation i)s is formal; it is to be interpreted in combination with ds as
5, ds = db,. The placing of ( in formulae will be such that only this combination will
occur.) Also ¢ has been extended to even Grassmann elements as in equation (2.2),
and it has been assurmned that the canonical projection of z, is always real. (The
theorem is also valid when z is complex and ¢ analytic.) Then

T t i
yt,,(z,ﬂ)—%,o:f] da[ ds y:,¢($,9)¢(2+25+—017,,9-1-(5)
0 0 V2

"'[2“9 MR 9)6¢(1’+25+\/20'7?,:9+Cs)

X6, ¢ (z+zs+ \/20'175,9-}—(,‘5)]} (4.15)

Proof.

g!,r(rig) - gO,O(I! 8) - gt,o(xl 9) + TQS(I + xt! 9 + Et)g’t.O - gU.U

t .
= T¢5(:E -+ 27!,9 +E,)g',,g +g(-/{; ds(_\%(ea +€:)f(is)a

X 3;q5(:+z,,6+£_,))
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t
+ \/Qi] db;b,¢(z+ z,,0 +£,)> - gg,0(z, 0}
0

=y r¢(z+2,,0 +fz)9’t,o(’7= &)
1 i , . .
+ [ s Satole 0@ + ) 000 +2,04)
- g;’,ﬂs ‘5a¢("‘ +z,, f+ f,)ﬁa¢(£ +z,, f+ fa))

+ \/21/ dbsgg ,(2,0) 6, 6(z + z,,8 + £,). (4.16)

Also

T 1 :
j do*f dsgf,a(;n,f))qb(w+z5+Lans,9+§5)
) 0 ' V2
=, 7¢(z + £, 0 + E:)gi,n(”n 8}

sz ds g (,0) (6% + £2) i1, 0i8(z + =,,0 + €,)

24
+ 2 f ab2 g (2,8) 6,8z + 2,0+ ,)
0

4
+ [ 460+ 2,046,103, (2.0 (2 +2,,0+8) (4.17)
0
using theorem 3.5, The result now follows immediately from the fact that

t
f ds (s +2,,0 +£,)p(z + 2,,0 + £,)g0 (2, 6)
a

f 45 1o(,0) Y 6ublz 7,0 +E)6.8(a + 2,0 +E).  (418)

a=1

A second theorem, which is a supersymmetric version of the restricted Ité theorem,
will now be proved.

Theorem {.8. Suppose that f € C¥(RP™). Also, fori =1,...,plet 2% be an adapted
process such that

1 t
a;;—z;,:/o e:’,(x,)dbj+f0 Lids (4.19)

where, fori=1,...,panda=1,...,m, ¢ is a function on R? and L} is an adapted
stochastic process on (m,m)}-dimensional super Wiener space. (It will be shown in the
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next section that, under reasonable assumptions on e‘;, and L%, processes satisfying
equations such as (4.17) do exist.) Then, using the notation of the preceding theorem,

f (x+zT+ 7i2—7'17,8+ 9,) ~ f(z,0)

_If do'f ds[ V')“e' z+z)6f(zs+z+\/2m;,9+9)

+0ei(z, +2)el (2, + )00, f ( bt o640, )

\/2

T t 4
+ / do [ dz' 0, f (zs +z+ -%01;,9-1- 9;) . (4.20)
i) Fi] \ V4 /
Proof. Using the It formula (theorem 3.5),

f (z+ 4 5, e+e,) — f(z,0)

= +&e (z, + 2)0. f(x + 2,0, + 6)
72 1 Je\E, + )0 T g0 1 0)

T i
+/ dor/ dz! ob. flz +2,,8 +9,)
0 0

T t
41 ] do f dsodh(z + 2,)el(z +2,)8,0,f(x +z,,0+0,). (4.21)
Also

ffds —= %l ( :c+x)6f(zs+z+\/2a'q,0+9)

(0 + €0)e (2, + D) S (x4 2,0, 4 6)
t . -
-1 j ds (8" + €0l (2 + w0l (z + 2,)8,0; f(x, + 2,0 +6,)

=1 J5T(# + e (e + 20 Sz + 2,0, 4 6)

T 1 . .
—%[ f dsoel(z + z,)el(z +z,)
0

X 6,.6jf (y5+z+ —on, 0 +8, ) (4.22)

72

The result now follows.

These theorems are crucial for the Feynman-Kac formula to be developed in the
final section. Before proving this result a further technical step is required: it must be
shown that a reasonable class of stochastic differential equations can be solved. This
is the subject of the next section.
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5. Stochastic differential equations

In order to obtain generalized Feynman-Kac formulae for fermionic systems in curved
space, it is necessary to consider more general bosonic stochastic processes than Brow-
nian motion; the required processes are in fact solutions of stochastic differential equa-
tions, and in this section the usual theory of stochastic differential equations will be
extended to include fermionic Brownian motion. The key theorem in this section
establishes the existence of unique solutions to a wide class of stochastic differential
equations; in the following section functions of solutions to such equations are analysed
using the supersymmetric Ité formulae of the preceding section to obtain a supersym-
metric Feynman-Kac formulae. The main theorem of this section establishes that
differential equations of the form

dzZi = Ai(Z,.8,,p,,5)db% + B/ (Z,,0,,p,,8)ds (5.1)

have unique solutions, provided that the functions A and B7 are sufficiently regular.
In the following section processes which are solutions of suitably chosen stochastic
differential equations will be used to construct Feynman-Kac formulae for various
differential operators.

To begin with it is necessary to explain precisely what is meant by a stochastic
differential equation of the form (5.1).

Deﬁn?tion 5.1. Let p, m and n be positive integers. Forj =1,...,panda=1,...,m
let A7 and B map B} ; x B}", x R* into By ;. Also let A be a fixed element of C?.

Then, if, for = 1,...,p, Z;" is a stochastic process in M2'[0,¢] such that

L3 t » i :
Zi - 7} :] A{,(Z,,e,,p,,s)db:+f Bi(Zz,.8,,p,,5)ds (5.2a)
] ]
Zy=A (5.28)

(where (b,,6,,p,) are Brownian paths in (m, n)-dimensional super Wiener space), it
is said that Z, satisfies the stochastic differential equation (5.2a) with initial condi-
tion (5.2b). This definition implies that the B/ (Z,,8,,p,,s) are in M}'[0,1] and the
Al(Z,.8,,p,,s) are in M3'[0,1].

In order to prove that such equations have solutions, and that the solutions are
unique, one essentially follows the classical method of proof [20).

Theorem 5.2. With the notation of definition 5.1, suppose that, for all z and y in
B2, all s in [0,t) and all (y,») in M,, x M,,, the coefficient functions of A and B’
satisfy

| A2 (x, 5} — ALk (y, s)| < klz ~ yl/(pm x 2°7)
|43 (2, 8)| < k(1 + [z])/(pm x 2°™)

(5.3)
|Bi*(z,s) — Bi*(v,5)| < klz — yl/(p x 2°")

B} (z, )| < k(1 +1z])/(p x 2°")
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for some fixed positive number k. Then there exists a unique solution to the stochastic
differential equation

dzi = Ai(Z, ,8,,p,,8)db% + B (Z,,0,,p,,5)ds
ZO - A. (5'4')
(Two random variables F and G are said to be equal if E(|F — G|,) = 0.)

Proof. Suppose that 2, and y, are two solutions to (5.4). Then, using theorem 3.3,

3
IEEI:: - y'”% < 25[ IBj(xulgu?pulu) - Bj(yulau!puru)lgdu
1]
#2134 ) = 4O )

]
<281+9) [ fe, - wlfdu (5.5)

Hence E(|z, — y,)2) = 0 for all 5 in [0,¢], and thus any solution which exists is unique.

To establish existence of solutions consider the sequence 77 . ,r = 1,2,..., of

r)s’

stochastic processes on the super Wiener space IIRE{"'Q")[[MH with

Zopy =4
and, for r > 0,
8 s
Zfr)a =A+ /; B (Z(r-wl}u Hu' pu,u)du + -/(; Af: (Z(r—l)s: euﬂpu! ")db.[:' (56)

Then assumne the following as inductive hypothesis, for all integers ¢ up to and includ-
ing some fixed mteger r.

(a) Zi ys 18 in MZ'0,t];

(b)

([Z(q)g (q_l),lz) < (M) /(g! (5.7

where M is some positive constant.
Now Z'(’l)’ is well defined and

ENZ(ws ~ Zioul <21 [ B o burpu wdulf 42 [ 141 B )in. (59
Thus
ElZq)s — Zioyls < 26787 + k%s(1 + |A]*) < Ms (5.9)

if M > 2k2(t + 1)(1 + |4])%



466 A Rogers

For the inductive step, note that
9 1
1E|Z(r'+1).! - Z(r)siz’ < M-/D IEiz(w)a - Z(r-—l)al% ds

< M/Ot (M) 4 (5.10)

rl

_ (Mt)r+1
T o(r+ 1)

This implies that Z, ), is in MJ'[0,t], and thus that the inductive hypothesis is
satisfied. Thus the sequence Z(,.), converges in the required manner.

6. A supersymmetric Feynman—Kac formula

This section contains the main theorem, theorem 6.2, establishing a Feynman-Kac
formula for a Hamiltonian H which is the square of supercharge operator Q, where @
is a Dirac-like operator (in a sense made precise below). Such Hamiltonians are referred
to as supersymmetric, and the corresponding supersymmetric Feynman—Kac formula
is given in terms of the supercharge operator @ rather than the Hamiltonian H. This
1s a technical advantage, because H is generally considerably more complicated than
). It is also an advantage in principle to work directly with the fundamental Q
rather than the derived H. To achieve this supersymmetric Feynman-Kac formula,
the simple Feynman—Kac formula given in equation (1.2) has to be generalized in three
ways. First, fermionic paths are included (and thus integrals are with respect to super
Wiener measure). Secondly, ordinary Brownian paths b, are replaced by solutions z,
of carefully chosen stochastic differential equations. Thirdly, and this is the vital step
which leads to a supersymmetric Feynman-Kac formula, superpaths parametrized by
a (1,1)-dimensional super variable are used.

Throughout this section (b,,8,,p,) denotes Brownian motion in (m,m)-
dimensional super Wiener space. Also g is a C® Riemannian metric on R™ which
has components g;; in the natural coordinate system on R™, while the m x m matri-
ces ', are the components of an orthonormal basis (&) of 1-forms on R™, so that

g;;(z) = el (x)e! (z). (6.1)

All derivatives of e up to fifth order are required to be uniformly bounded on R™. The
definition of the superpaths used in this section is essentially that vsed in section 4,
but the choice of stochastic differential equation for the components z! is determined
by the metric.

Definttion 6.1. Let z, be the unique solution to the stochastic differential equation
def = el (2 + 2,)db® + (8™ +£2€0)e (2 + 2,)0;¢' (2 + 2,)ds

zh =0 i=1,...,m (6.2)
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where ¢! and e{,(?je"b are to be extended to even Grassmann elements by Taylor
expansion truncated at the first-derivative term, so that (5.3) is maintained. Also, for
i,a= 1,... m let

=i+ oo (e 4 2,) (B =€+ g2 pl=6 (2 +z,). (6.3)

V2
With the necessary superpaths defined, the main theorem will now be stated and
proved.

Theorem 6.2. Fora=1,...,mlet ¥? be the operator

0
dgs

acting on the space L¥(R]*™). Also let ¢ be a C* function on R™™ which is linear in
the odd argument and has all derivatives up to fifth order uniformly bounded. Then,
if @ acts on L2({RT"™) with

Q= ¢° (¢,(2)3) + 6(x,¥) (6.5)
H=Q FeC¥(RT™) and (z,0) € RT",

exp(—Ht — Qr) F(z,0) = ]E{exp[/ﬂT da./: ds ¢ (z-l—zs—}- 7%0'17,,9-{-(5)]

xF(z+zT+\/2rq,,9+9)} (6.6)

Proof.  Let Tf,,,. be the operator on L*(R7'™) defined by completion of U, :
C& (RT™) — L¥(R7"™) with

T i .
U, r Gz,0) = E{exp [/; da-fo ds ¢ (w + z5 + :/1—251;’,9 + (5)]

x Gz -+ 2p + \/QTnt,9+9 )} (6.7)

"bdzed-i_

(6.4)

where G € C°'(R]"™). Then, applying the product Ito formula to the integrand in
U, , f(z,6) and taking expectations gives, after some algebra,

U, . G(z,0) - G(z,6) = /OT da/:ds U, ,QG(z,0) = 20U, ,HG(z,0). (6.8)

Thus
Dy UMG(r,B) =U,, (Q —2r1H)G{x,0) (6.9)

and hence, using equation (4.7) and appealing to the uniqueness of solutions to dif-
ferential equations such as (6.9), one rnay deduce that

U, ,G(z,0) = exp(-Ht — Q) Gz, 6) (6.10)

as required.
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This theorem completes the results to be given in the first of these two papers.
In the second paper the analysis developed here is applied to various geometric strue-
tures such as supermanifolds and spin bundles. In particular, solutions to superspace
stochastic differential equations are used to make the path integration step in the
supersymmetric proofs of the Atiyah-Singer index theorem [6, 12] rigorous.
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